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LETTER TO THE EDITOR 

Yang-Baxterization of reflection equations for R with two 
distinct eigenvalues 

Hong-Chen FutL MO-Lin Get  and Kang Xuet$ 
t Theoretical Physics Division, Nankai Institute of Mathematics, Tianjin W l ,  People's 
Republic of China 
$Department of Physics, Northeast Normal University, Changchun 13Mn4, People's 
Republic of China 

Received 6 April 1993 

Absh'aU. A condition of Yang-Baxtehtion of reflection equations for I? with two 
distinct eigenvalues is given. Constant solutions to reflection equations for R related to 
fundamental representations of SI&) and SI&, 1) presented in [6] and for R of the 
eight-vertex model are Yaw-Baxterized. 

Reflection equations (RE) were introduced in [l] as an equation describing factoring 
scattering on a halfline. Recently they also appeared in quantum current algebras [2] 
and in integrable models with non-periodic boundary conditions [3,4]. Knlish et al 
proposed the concept of reflection algebras (RA) related to RE [SI, studied their 
properties (quantum-group-comodule property) and constructed constant solutions of 
RE (i.e. onedimensional representations of RA) 161. RA related to the eight-vertex 
model is formulated in 171. Papers [S-lo] were devoted to representations of RA. 

As far as we know. however, the problem of Yang-Baxterization of RE has not 
been touched so far. In this letter we shall investigate Yang-Baxterization of the 
following RE without spectral parameters 

RK,RK,= K,RK,R (1) 

where Kl= K B I ,  K ,=I@K,  R =  PRP, and P i s  the permutation operator P(x@y)= 
y B x ,  for I? = PR having two distinct eigenvalues, namely, incorporate &dependence 
into 8 and K such that they satisfy the following spectral-parameterdependent RE 

R(&-')Kdn)@b)Kz(P) = K ~ ( P ) R ( & ) ~ ~ ( ~ ) ~ ( ~ P - ' ) .  (2) 

In terms of I? = PR, equations (1) and (2) are rewritten as 

RK,RK,= K,RK,R (3) 

R W i  ) K I ( ~ R ( W G ( P )  = KI(P)R(&)KI@)R(W (4) 

where PK,P= Kl is used. 
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Yang-Baxterization of Yang-Baxter equations has been extensively studied 
[ l l ,  121. For R with two distinct eigenvalues fl and 6, the explicit Yang-Baxterization 
for R is given by 

By using R + t,fJ?-' = tr + h,  equation (5) can be rewritten as (up to a constant) 

These R(d) = Pd(d) satisfy the Yang-Baxter equation with parameters. Therefore, 
what we need to do is to Yang-Baxterize the K-matrix. 

R(d) = ti'd-lR +rlrZR-'. (5 )  

R(d )  =(d-d-')R-d(f, +t,)l. (6) 

We start with an instructive example. Consider the R-matrix 

Letting 

K=(" x u  ' )  
and substituting equations (7) and (8) into (3) we have 

ux = q - h  

UY = 44u [x,y]=q-'u)(EIz-u~) [y-z]=q-'oyu.  (9) 
[U. 4 = 0, [x, z]  = -q-bux 

The associative algebra over C (C is the complex number field) generated by x ,  y ,  z, U 
and the unit 1 subject to relations (6) is the RA sB2 (in Kulishs notation). This algebra 
has two central elements 

c, = U + 4% C2=det&= uz-q2yx. 
It is easy to prove that K has an inverse 

K-'=C;'(Cd-qZK). 
Now we prove a key relation in Yang-Baxterization 

In fact, from equation (10) it follows that 
C:[R, K;'] + q4[R, K:] = 0. (11) 

-$K: + C,K,= C, (12) 
K i 2  = C c 2 ( c I -  2Clq2K1 + q4G) (13) 

~(1) =A-% - aR-1. (14) 

K(d) = K+a(d)C2K-' (15) 

a(d) = rt q - 2 2  (16) 

which leads to relation (11) immediately. 
For the case in hand, f ,=  -q-', t2=q, the Yang-Baxterization for I? is 

Suppose that 

where a(d) is to be determined such that d(d) and K(d) satisfy the RE (4). Substituting 
(14) and (15) into (4), we find that 
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where equation (3) and the relation R -R-' = d a r e  used. So the Yang-Baxterization 
for K is obtained as 

q a )  = K+ al?cp a = + q - 2  (17) 

q a )  = ~ - ~ K + ~ c ~ K - I .  (18) 

or, equivalently, as 

We see that the quantum determinant of RA plays an important role in above 
example. However, for any R-matrix the quantum determinant of RA does not keep 
the central elements. For example, the RA related to the non-stundurd d 

\ 

has only one central element U - z  in the case $#-1 (see next section) and the 
determinant of its constant solutions, is vanishing. How does one deal with this 
situation? The key point is to avoid using K-'. In above example, the R(x) and K(A) 
can be rewritten as (choosing a= -q-') 

This suggests that, for any R with two distinct eigenvalues, which is Yang-Baxterized 
as (6), we could suppose that 

where A is a central element of RA in the algebraic form of K or a constant in the 
constant solutions. The following proposition gives a condition of 
Yang-Baxterization: 

Proposition I. The reflection equation can be Ymg-Baxterized through (21) if and 
only if 

K(1) = (a - a-')K + U1 (21) 

[R,K:+AK1]=O.  (22) 

Proof. Substituting (6) and (21) into (4) we find that 

(t,+t2)(@-1-a-ju) (a - a P ) ( p - p - l ) @ [ R ,  K:+AK, ]=o  
from which we obtain (22). Here we have used the relation tl+h#O (the case 
tl+t,=O is trivial). 

The proposition implies that if one can choose a central element A (or a constant) 
satisfying (21) then RE can be Yang-Baxterized as (21). We would like to point out 
that the condition (22) is not so rigid that all the constant solutions related to 
fundamental representations of s&) and dq(1, 1) presented in [6] satisfy this 
condition, or, accurately speaking, satisfy 

Kf + A  K1 = Bf (A, B E C ) .  
For the above example, from (12) we find that A = -q-'C1, then we rederive (20). 
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We now turn to the example (19). If we suppose K takes the form (S), then we 
obtain 

ux = q'xu [u,z]=O [x ,  z] = -q-'wux 

(q + q-')x'= (q+ q-')y2= 0. 

uy = q-'yu qxy +q-'yx = W(UZ - U') b, z] =q-'wyu (23) 

(24) 
Relation (24) has a different form in different cases. 

Cuse I. q'=-1. In this case (24) is automatically satisfied and the algebraic 
relations (23) are the same as (9) for q-'= -1. Therefore it can be Yang-Baxterized 
through (18) or through (20). 

Cuse II. If q2# -1, equation (24) becomes 

2 = y' = 0. 

In this case the RA has only one central element U - z .  The constant solutions are 
1 0  2 0  

K( ' )=(o l )  K.=( 0 0  ) ( Z E C ) .  

The determinant of K(') is vanishing, however, it satisfies 

(KI2))'- z K p  =o 

K y A )  = (A -A-I)K(') - ZAI. 

therefore it can be Yang-Baxterized as (A = -2) 

Paper [6] investigated a class of constant solutions to RE related to the fundamental 
representations of sZ,(n). For 443) there are two constant solutions with non- 
vanishing determinants 

K(1) = all ulJ K(')=[g;l J 
where g3,=an(up-uU)/ul3. It is easy to verify that 

(K(1))*f UIlK"' = %'I 

(K'2))'- &K(2) = a&d 

therefore they can be Yang-Baxterized as 

K(l)(a) = ( A - A - ~ ) ~ ~ ( ~ ) + ~ ~ J I  

K(z'(,t) =(~-a-l)@)- 41 .  
Here we would like to point out that the choice of A is not unique. For K(') we also 
have 

(K(1))'- ullK(') =o 

K(~)(A)=(A-~-')~(~)-~~~A~. 
then the corresponding Yang-Baxterization is 
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For siq(4), besides the unity solution IT(’), [6] presents the following two constant 
solutions 

aI4 a14 

[gal a, a 3 )  ~ 1 3 ) =  1 a41 a n  an g ]  

K@) = 

where g4, =aun32/a14, g4=%- (a14a41)/%. One can check that 

( ~ ( 2 ) ) 2 - a , ~ ( 2 ) =  a ~ a d  
(~@) )Z -g@)=a  I4 a 41 I 

then their Yang-Baxterizations are 

K@(d) = (a -A2-’)@ - a,& 

K‘”(d) = (A - d-’)K(3) - g&. 
Ford&), except the unity matrix KI’), there exists another constant solution K@) 

with matrix elements 

K?)= 6.+1-,. 

~@)(a)=(a-a-1)~(2). 

This solution satisfies (Kc’))’= I, therefore its Yang-Baxterization is 

We now consider another important example, the eight-vertex model. In this case 
the d-matrix reads (with eigenvalues r, = 1 - t,  4 = 1 + t )  

I 1  t \ 
R = j  1 wt 1, 

W t  1 
\ t  I /  

where 02= 1. The constant solutions are obtained as 

which satisfy 
(K1’))2-2&’)= ( W y ’ - x 2 ) I  

( K ’ ” ) Z -  (1 + u)nK‘2’ = (y’ - W 2 ) I  

K‘L’(d) = (A -p)Kl1)  - w 
K’2)(d)=(d-a-’)K‘”-(l+w)hl. 

therefore, their Yang-Baxterization are 

We have already established the theory of Yang-Baxterization of reflection 
equations for d with two distinct eigenvalues. If one can prove that a solution to RE 
satisfies condition (22), then it can be Yang-Baxterized through relation (21). 
Although all the constant solutions in [6] satisfy this condition, we do not know if this 
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condition is valid for any solutions to RE related to I? with two distinct eigenvalues. 
This is still an open problem. In further discussions, we shall consider the problem of 
Yang-Baxterization of RE related to d with three and four distinct eigenvalues. 

This work is supported in part by the National Natural Science Foundation of China. 
Author Xue is also supported in part by the Fok Uing-Tung Education Foundation of 
China. 
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